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Vacuum less global monopole in Brans-Dicke theory
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Abstract
In the present work, the gravitational field of a vacuum less global monopole
has been investigated in Brans-Dicke theory under weak field assumption of the
field equations. It has been shown that the vacuum less global monopole exerts
attractive gravitational effects on a test particle. It is dissimilar to the case studied
in general relativity.
1. INTRODUCTION
Topological defects could be produced at a phase transition in the early Universe.
The study of topological defects has wide applicability in many areas of physics. In the
cosmological arena,defects have been put forward as a possible mechanism for structure
formation. Monopole is one of the topological defects which arises when the vacuum
manifold contains surfaces which can not be shrunk continuously to a point[1].
A typical symmetry breaking model is described by the Lagrangian,
L =
1
2
∂µΦ
a∂µΦa − V (f) (1)
Where Φa is a set of scalar fields, a = 1, 2, ......, N, f =
√
(ΦaΦa) and V (f)has a minimum
at a non zero value of f . The model has 0(N) symmetry and admits domain wall,string
and monopole solutions for N = 1, 2 and 3 repectively .
It has been recently suggested by Cho and Vilenkin(CV)[2,3] that topological defects
can also be formed in the models where V (f) is maximum at f = 0 and it decreases
monotonically to zero for f −→∞ without having any minima.
For example,
V (f) = λM4+n(Mn + fn)−1 (2)
Where M,λ and n are positive constants.
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This type of potential can arise in non perturbative super string models.Defects arising
in this model are termed as vacuum less.
The recent extensive search for a matter field which can give rise to an accelerated ex-
pansion for the Universe stems from the observational data regarding the luminosity-red
shift relation of type Ia supernova up to about z ∼ 1 [4] . This matter field is called
”Quintessence” or Q-matter. The most popular candidate foe Q-matter has so far been
a present epoch [5]. Example of Q-matter are fundamental fields or macroscopic objects
and net work of vacuum less defects may be one such good examples as scalar field with
potential like(2) can act as Quintessence model [6].
CV have studied the gravitational field of topological defects in the above models within
the frame work of general relativity [3]. Also, Rahaman et al [7] have studied vacuum-
less global monople and cosmic string in Einstein-Cartan theory. But at sufficiently high
energy scales, it seems likely that gravity is not given by Einstein’s action. One of the
important modification to Einstein’s theory of gravitation has been proposed by Brans-
Dicke [8]. In the gravitational theory,in addition to the space time metric a scalar field φ
is introduced as dynamical variables.This theory can be thought of a minimal extension
of general relativity designed to properly accommodate both Mach’s principle and Dirac’s
large number hypothesis. Here,the gravitational effects are in part geometrical and in
part due to a scalar interaction .Also the gravitational constant ’G’ is a variable scalar
and is related to the scalar field φ ∼ G−1. In recent year,the Brans-Dicke theory has a
lot interest as power law inflation is possible for this theory with constant vacuum energy
density. For this type of extended inflation,it is possible to ’slow roll over’ for the Uni-
verse during the phase transitions.The motivation for studying gravitational properties of
defects in Brans-Dicke theory is that only defects we can hope to observe now are those
formed after or near end of inflation.
2. The Basic Equations
A global monopole is described by a triplet of scalar fields Φa, a = 1, 2, 3.The monopole
ansatz is Φa = f(r)x
a
r
, where r is the distance from the monopole center. For the power
law potential (2), it can be verified that the field equation for f(r) admits a solution of
the form[2,3]
f(r) = aM(
r
δ
)
2
n+2 (3)
Where δ = 1
M
√
λ
is the core radius of the monopole , r is the distance from the monopole
center and a = (n+ 2)
2
n+2 (n+ 4)−
1
n+2 .
The solution (3) applies for
δ ≪ r ≪ R (4)
where the cut off radius R is set by the distance to the nearest anti monopole.
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For a vacuum less monopole the space time is static , spherically symmetric.One can write
the corresponding line element as
ds2 = B(r)dt2 − A(r)dr2 − r2dΩ22 (5)
The general energy momentum tensor for the vacuum less monopole is given by
T tt =
(f ′)2
2A
+
f 2w2
r2
+
1
2e2r2
[
(w′)2
A
+
(1− w2)2
2r2
] + V (f) (6)
T rr = −
(f ′)2
2A
+
f 2w2
r2
+
1
2e2r2
[
(w′)2
A
+
(1− w2)2
2r2
] + V (f) (7)
T θθ = T
φ
φ =
(f ′)2
2A
+
1
2e2r2
[
(w′)2
A
+
(1− w2)2
2r2
] + V (f) (8)
For monopole, the gauge field is Aai (r) =
[1−w(r)]ǫaijxj
er2
. T ba ’s with w = 1 are that for global
monopole. For global vacuum less monopole, one can use the flat space approximation
for f(r) in (3) for r ≫ δ and the form of V (f) given in (2).
The Brans-Dicke equations are taken as
Rab =
8π
φ
[Tab −
1
2
gab(
2ω + 2
2ω + 3
)T ] +
ω
φ2
φ,aφ,b +
1
φ
φ;a;b (9)
1√−g
∂
∂xα
[
√−ggαβ ∂
∂xβ
]φ =
8π
2ω + 3
T (10)
where T = Trace of Tab
Hence, The field equations become
B′′
2A
− B
′
4A
[
A′
A
+
B′
B
] +
B′
rB
=
FB
φrb
− B
′φ′
2Aφ
(11)
− B
′′
2B
+
B′
4B
[
A′
A
+
B′
B
] +
A′
rA
= −GB
φrb
− ω(φ
′)2
φ2
+
1
φ
[φ′′ − A
′φ′
2A
] (12)
1− r
2A
[
B′
B
− A
′
A
]− 1
A
=
HB
φrb
− rφ
′
Aφ
(13)
φ′′ +
1
2
φ′[
B′
B
− A
′
A
+
4
r
] =
AL
rb
(14)
where
F = 8πa
2M2
2ω+3
[−1 + ω
a4
− 2(ω+2)
(n+2)2
]δ
−4
n+2 ,
G = 8πa
2M2
2ω+3
[1− ω
a4
− 2(3ω+4)
(n+2)2
]δ
−4
n+2 ,
H = 8πa
2M2
2ω+3
[ ω
a4
+ 2(ω + 1)− 2(ω+2)
(n+2)2
]δ
−4
n+2 ,
L = 8πa
2M2
2ω+3
[ 3
a4
+ 2 + 2
(n+2)2
]δ
−4
n+2 ,
b = 2n
(n+2)
.
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3. Solutions in the weak field approximations :
Under the weak field approximations one can write
A(r) = 1 + f(r), B(r) = 1 + g(r), φ = φ0 + ǫ(r).
where φ0 is a constant which may be identified with
1
G
when ω → ∞ ( G being the
Newtonian gravitational constant ).
φ′
φ
=
ǫ′
φ0
,
φ′′
φ
=
ǫ′′
φ0
,
B′
B
= g′,
A′
A
= f ′ (15)
where f, g ≪ 1.
In this approximations eqs.(9)− (12) take the following forms as
1
2
g′′ +
g′
r
= Fr−b (16)
− 1
2
g′′ +
f ′
r
= Gr−b +
ǫ′′
φ0
(17)
f +
1
2
(f ′ − g′)r = Hr−b + r ǫ
′
φ0
(18)
ǫ′′ + 2
ǫ′
r
= Lr−b (19)
Solving these equations , we get
g =
2F
φ0(3− b)(2 − b)
r2−b (20)
f =
F (1− b)
φ0(3− b)(2 − b)
r2−b +
L(1 − b)
φ0(3− b)(2− b)
r2−b +
G
φ0(2− b)
r2−b (21)
ǫ =
L
(3− b)(2 − b)r
2−b (22)
As ω →∞ , we come back to the general relativity solution as Cho and Vilenkin [3] .
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4. Gravitational effects on test particles :
Let us consider a relativistic particle of mass m,moving in the gravitational field of
monopole described by equation (5) using the formalism of Hamilton and Jacobi (H-
J).
According the H-J equation is [9]
1
B(r)
(
∂S
∂t
)2 − 1
A(r)
(
∂S
∂r
)2 − 1
r2
(
∂S
∂θ
)2 − 1
r2 sin2 θ
(
∂S
∂φ
)2 +m2 = 0 (23)
where
A(r) = 1 + F (1−b)
φ0(3−b)(2−b)r
2−b + L(1−b)
φ0(3−b)(2−b)r
2−b + G
φ0(2−b)r
2−b
and
B(r) = 1 + 2F
φ0(3−b)(2−b)r
2−b
In order to solve the particle differential equation , let us use the separation of variables
for the H-J function S as follows [9] .
S(t, r, θ, φ) = Et− S1(r)− S2(θ)− Jφ (24)
Here the constants E and J are identified as the energy and angular momentum of the
particle.
The radial velocity of the particle is( For detail calculations see Ref. [9] ).
dr
dt
=
B
E
√
A
√
E2
B
+m2 − p
2
r2
(25)
where p is the separation constant. The turning points of the trajectory are given by
dr
dt
= 0 and as a consequence the potential curves are
E
m
=
√√√√[1 + 2F
φ0(3− b)(2 − b)
r2−b][
p2
m2r2
− 1] (26)
In this case the extremals of the potential curve are the solutions of the equation
m2Y (2− b)r4−b + bY r2−b − 2p2 = 0 (27)
where Y = 2F
φ0(3−b)(2−b)
This equation has at least one positive real root provided (-b+2) is an positive integer.
So it is possible to have bound orbit for the test particle.thus the gravitational field of the
global monopole is shown to be attractive in nature but here we have to imposed some
restriction on the constant ”n” .
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5. Concluding Remarks :
The recent extensive search for a matter which can give rise to an accelerated expansion
for the Universe is quintessence matter or ’Q’ matter. Examples of Q-matter are fun-
damental fields or macroscopic objects and network of vacuum less defects may be one
such good examples as scalar field with potential(2) can act as quintessence models. In
this paper, we have extended the earlier work of CV regarding the gravitational field of
vacuum less global monopole to the scalar tensor theory. Our study of the motion of the
test particle reveals that the vacuum less global monopole in Brans-Dicke theory exerts
gravitational field which is attractive in nature. It is dissimilar to the case studied in
general relativity. Finally we see that when ω →∞, CV solution is recovered.
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